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NATIONAL AFRONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-191

A STUDY OF THE GUIDANCE OF A SPACE VEHICLE RETURNING
TO A BRAKING ELLIPSE ABOUT THE EARTH

By Jack A. White

SUMMARY

An snalysis 1s made of the guidance of a space vehicle attempting
to graze the earth's atmosphere with a specified perigee altitude.
Random errors were assumed in the measurement of velocity and flight-
path angle and in obtaining the desired thrust impulse. Three methods
for scheduling and applying corrective impulses are investigated on the
basis of efficiency and accuracy. The first method scheduled thrust
corrections as a function of the radial distance from the vehicle to
the center of the earth. The second method scheduled the corrections as
a function of flight time. The third method scheduled corrections as e
function of the angle between perigee and the vehicle position vector.
The study showed that the third method provided the best perigee alti-
tude control. However, the economy of the mission indicates that a
modification of the third method such that another correction is added
near the initial point would provide a more efficient method of sched-
uling corrective thrust than the present method.

For the three methods studied, an error in the flight-path angle
had a predominant effect over errors in velocity and thrust impulse. It
was found that, although the trajectory was changed at each point of
correction, the radlal distance and the instrumentation accuracy at the
final correction point before perigee determined the first-pass perigee
altitude.

INTRODUCTION

In order to avoid extreme heating and deceleration problems, a
space vehicle returning to the earth at super-circular velocities must
decrease this velocity before encountering the relatively dense portion
of the atmosphere. This velocity decrease could be accomplished by
applying reverse thrust but such a procedure is considered impractical
because of the large amount of fuel required. A more efficient method
would be to cause the vehicle to graze the earth's atmosphere in order
to slow the vehicle by aserodynamic braking. This method would probably



require several passes to reduce the velocity sufficiently. For this
method of capture reference 1 shows the relationship of first-pass
perigee altitude to such factors as orbiting time between the first and
final pass, heating, and deceleration. Because the number of passes
required increases when the first-pass perigee altitude increases, it
is desirable for the first-pass perigee altitude to be as low as the
limits of heating, deceleration, and accuracy of perigee altitude con-
trol allow. A schematic diagram of a braking ellipse trajectory is
shown in figure 1.

Although the present study is based on a first-pass perigee alti-
tude tolerance of 125,000 feet for the nonlifting vehicle described in
reference 1, the results are applicable to various reentry corridors,
for 1lifting vehicles.

In order to obtain a desired first-pass perigee altitude within
acceptable limits, the trajectory of the vehicle must be established
with great accuracy. TFor example, a vehicle on a typical approach
trajectory (an orbit having an eccentricity close to 1) at a distance
of 100,000 miles from the earth and trying to hit a perigee altitude
of 250,000 feet would miss this altitude by 25,000 feet (provided no
other correction is made) if either a velocity error of about 3 feet per
second or a flight-path-angle error of about 0.01° was present. Errors
in velocity and flight-path angle of this order of magnitude will prob-
ably be masked by the inherent inaccuracies of the instrumentation used
to measure these quantities.

One alternative to such extreme accuracy requirements is to provide
periodic corrective thrust impulses as the trajectory approaches the
earth so that in spite of instrumentation inaccuracies the trajectory
can be controlled to the desired perigee altitude. The purpose of this
paper is to study the relative performance of three methods of scheduling
corrective thrust lmpulses in the presence of assumed random inaccuracies
in measuring velocity and flight-path angle and in obtaining the desired
thrust impulse.

SYMBOLS
a semimajor axis of an ellipse, feet unless otherwise stated
C correction point
e eccentricity of an ellipse

g gravitational constant, 32.2 ft/sec?
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semilatus rectum of an ellipse, ft
radius of the earth, 3,960 miles
radial distance from center of earth to vehicle, ft

radial distance from center of earth to perigee point of
flight path, feet unless otherwlse stated

time required to reach perigee, sec
velocity of space vehicle, ft/sec

magnitude of corrective velocity vector, ft/sec

flight-path angle (angle between instantaneous velocity and a
line perpendicular to radius from center of earth to space
vehicle), deg

angle between a line from center of earth to space vehicle
and a line from center of earth to perigee point of flight
path, deg

angle between velocity vector and corrective velocity vector,
deg

standard deviation of error in V, ft/sec

standard deviation of error in vy, deg
standard deviation of error in Vp, percent

change in t, sec

change in v, deg

change in 6, deg

change in r, ft

megnitude of error in V, ft/sec

magnitude of error in v, deg

magnitude of error in Vi, ft/sec



hp perigee altitude, ft
Subscripts:
o] conditions that define initial trajectory
1,2,3,...10 order of corrections where 1 is correction at initial
position o
R result of applying a correction
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METHOD OF ANALYSIS

Approach Conditions and Assumptions

This study is concerned with the portion of the trajectory of a
space vehicle approaching the earth beginning at a distance of about
100,000 miles from the center of the earth and ending at the first-pass
perigee altitude. In all cases consldered the space vehicle is
approaching the earth on an elliptical path with an eccentricity of
almost 1 and traveling at the appropriate elliptic velocity.

Time, temperature, and deceleration are limiting factors for a
braking ellipse capture. Reference 1 shows that orbiting time between .
the first and final passes increases drastically as the first~pass
perigee altitude increases and the temperature and deceleration increase
as the first-pass perigee altitude decreases. For the vehicle described .
in reference 1 having a perigee velocity of about 36,000 feet per second,
orbiting time increased from 2 to 11 days when the perigee altitude
increased from 250,000 to 275,000 feet and equilibrium wall temperature
increased from 2,250° F to 2,600O F when the perigee altitude decreased
from 250,000 to 225,000 feet. For this study based on this information,
250,000 feet was chosen for the desired first-pass perigee altitude and
control of the first-pass perigee altitude within 25,000 feet was
assumed to be acceptable.

The following assumptions are made in this study:
(1) The earth is spherical.

(2) Motion is considered only in the plane of the orbit for a
nonrotating earth. *

(5) The spat¢e vehicle is close enough to the earth so that the
gravitation fields of all other bodies may be neglected.




The basic technique of this study is to apply corrections at given
intervals along the flight path in order to provide the space vehicle
with an acceptable perigee altitude control. At each correction peint
the orbital characteristics, from the measured values of V and vy
(obtained by adding an assumed error to the true value), are calculated.
Calculations are then made to determine the optimum direction and magni-
tude of corrective velocity required to correct the perigee altitude to
the desired first-pass perigee altitude. After adding an assumed error
in Vp, the thrust impulse is applied in the optimum direction.

The technique used in selecting errors to represent instrumentation
inaccuracies in measuring the desired variables was as follows. The
range between a positive and a negative assumed error was divided into
100 equal increments. These increments were distributed normally along

a table of numbers from 1 to 1 X 106 such that every number between 1
and 1 X lO6 had a specific magnitude of error assigned to it. A random

number process was used to select a number (between land 1 X 106) and
the error assigned to this number in the table was used to represent the
inaccuracy of measuring the desired variable. This technique, generally
referred to as the Monte Carlo technique, is described in more detail in
reference 2.

Equations

In accordance with the foregoing assumptions, the flight path of a
space vehicle approaching the earth on an elliptical path is described
by the following relations. (See ref. 3.)

r=—t (1)
l+ ecos @

V- - (2)
_ [leR®

cos y = o2 (3)

e = |1 - é ()

rp = a(l - e) (5)

The present study is based on the application of a thrust impulse
in the optimum direction at a given radial distance in order to correct



the perigee altitude. When a thrust impulse is applied, the velocity
and flight-path angle (dependent upon a known value of r) of the vehicle
are changed. This change in V and 97 defines a new trajectory with a
different perigee attitude. Therefore, the following analysis is made in
order to determine (at any radial distance) the direction to apply cor-
rective thrust that will require the minimum thrust impulse to produce a
desired change in perigee altitude.

If equations (2), (3), and (4) are rearranged and then substituted
into equation (5) an expression for the perigee distance rp (measured

from the center of the earth) in terms of the trajectory variables r, v,
and 7y 1is obtained.

2
o r2V2c0527(?g%7 - V2)
gR=I11 - 1 - %
(e8?)
I = (6)

2
R 2
2g=— -V
&<

The total derivative of rp(V,y) is derived in the appendix and the

result is given by the following relation:

3 3
arp(V,7) = S dy + <R av (7)

where
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orp  2gR2(1 - e) [EB(1 + ) v
ov e(zg% ] v2)2 '

The following relations for dV and dy are obtained from a
diagram of the velocity vector and the corrective velocity vector shown
in figure 2. These relations are true when €y 1s small and ey is

small in comparison with V.

dV = Vp cos a (8)

LS




_ VT sin a

dy = == (9)

Substituting these expressions for dV and dy into equation (7)
gives the following expression:

) arp Vp sin o Brp

P-3 7 * 57 Vp cos a (10)

The maximum change in rp is obtained when the corrective velocity is
made in the direction defined by

orp

tan a = 27 (11)

T
_ Py
ov

From equations (7) to (ll), a minimum value of the magnitude of the
corrective velocity vector may be found to produce a given change in the
perigee altitude.

Errors

Little data are available on the accuracy of measuring the velocity
and flight-path angle of af object at a great distance from the earth.
The assumed errors of this report are based on available information and
it is belleved that they are of the correct order of magnitude.

The errors in measuring velocity and flight-path angle and the error
in applying corrective thrust are assumed to have a normal distribution.
In order to determine the effects of an error in measuring V, the
standard deviation of the error in V was varied from 1 to 10 feet per
second while the errors in y and Vg were assumed to be zero and then

held at o, = 0.0125° and oyp = 1.3 percent. In order to determine

the effects of an error in measuring 7, the standard deviation of the
error in 7y was varied from 0.00625° to 0.0375° while the errors in V
and Vp were first assumed to be zero and then were oy =1 ft/sec and

UVT = 1.3 percent. In order to determine the effects of error in the

magnitude of the corrective velocity, the standard deviation of the
error in Vg was varied from 1.5 ‘o 10.4 percent while the errors in V

and y were oy = 1 ft/sec and oy = 0.0125°. In this investigation



the errors in V and 7 were first assumed to be dependent upon range
and then invariant with range.

In the solution of equations (6) to (ll), the magnitude of the
errors at each correction point was determined by the application of
the Monte Carlo technique (ref. 2) whereby a random number process
based upon the error distribution is used to select the error magnitude.

Initial conditions were assumed such that without corrections
perigee radii of (1) R + 250,000 feet where R = 3,960 miles, (2)
6,000 miles, and (3) 8,000 miles would be obtained. Studies were made
of runs which started with the initial conditions where
Ip, = R + 250,000 feet in order to determine the effects of instru-

mentation inaccuracies. Runs of the initial conditions where

rp = 6,000 miles and Tp, = 8,000 miles were studied in order to
o

determine the effects of instrumentation inaccuracies when relatively

large corrections would be required to obtain a perigee altitude of
250,000 feet.

In order to obtain the distribution of the perigee altitude and
total corrective thrust, 1,100 runs were made for each case.

METHODS OF CONTROL

Three methods of scheduling corrective thrust before the space
vehicle made its first pass through the atmosphere were investigated.
Schematic diagrams of the three trajectories, defined by
ap = 100,000 miles and the three values of Tpg of this study and

presented so that the perigee altitude of the three would be above the
same point on the surface of the earth, are shown in figure 3. Also
shown in figure 3 are the initial points for these trajectories and

the correction points along the trajectory where rpo = R + 250,000 feet

for the three methods of scheduling corrective thrust.

The first method of scheduling corrective thrust, which is referred
to as the radial distance method, was to apply a correction whenever the
distance from the center of the earth to the space vehicle decreased by
a certain amount. The initial correction point for this method was at a
radius of 100,000 miles. For the radial distance method, radial incre-
ments of 5,000, 7,500, 10,000, 12,500, and 15,000 miles were studied
but results for only the 10,000-mile increments are presented. The
10,000-mile increments were chosen because (1) the total Vp 1ncreased

rapidly as the increments decreased below 10,000 miles, and (2) the
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perigee altitude band increased in width with little or no change in

total Vp as the increments increased above 10,000 miles. -

The second method of scheduling corrective thrust was to apply a
correction at constant time intervals. It was found that, when small
constant time intervals along the flight path were used in order to
have several corrections relatively close to perigee, most of the cor-
rections were applied in a region where few corrections were needed.
Therefore this method was modified in order to reduce the number of
corrections by dividing the flight path into time segments and using
different time intervals in each segment. The two divisions of the
flight path studied, referred to as time method schedule A and time
method schedule B, are given in the following tables:

Time method schedule A Time method schedule B
Correction|Time required to reach Correction |Time required to reach
perigee, hours perigee, hours
¢y 15 C, 17
Co 10 Co 16
05 7.5 03 11
Cy 5- Cy 6
Cs 4 Cs 3.5
Ce 3 Cg 1
Cq 2 Cq 0.666
Cg 1.5 Cg 0.333
C9 1
Ci0 0.5

The third method of scheduling corrective thrust, which is referred
to as the angular method, was to apply a correction whenever the angle

between the radius to the space vehicle and the perigee radius decreased

a given amount. The initial correction point for this method was at
8 = 160°. Angular increments of 5°, 10°, 15°, 20°, 300, and 45° were
studied but increments of less than 30° led to excessively large total

thrust requirement without improving the accuracy; therefore only incre-
ments of 30° and 45° were selected for this method of scheduling correc-

tive thrust.
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RESULTS AND DISCUSSION

General Discussion

The results of this study, presented in figures 4 to 25, are shown
as probability curves. The perigee altitude probability curves where
each curve is based upon 1,100 runs are presented such that the proba-
bility of the perigee altitude being greater than a given value of rp

can be read directly from the figure. The total corrective velocity
probability curves where each curve is based upon 1,100 runs are pre-
sented such that the probability of the total corrective velocity being
less than a given total value of Vp can be read directly from the

figure.

Although all the results of the present study are presented for a
desired first-pass perigee altitude of 250,000 feet, these resultis are
applicable to any desired perigee altitude because the equations of
motion and the equation for the change in perigee distance (eq. 10) are
not dependent upon a specific value of rp- For example, if 300,000 feet

had been chosen as the desired first-pass perigee altitude, the perigee
altitude scale of figure 4(a) would be from 250,000 to 350,000 feet with
300,000 feet in the center.

As noted previously, a perigee altitude band 50,000 feet wide shall
be considered the maximum acceptable perigee altitude band for a space
vehicle. It should be noted, however, that an acceptable perigee alti-
tude band will depend upon the characteristies of the space vehicle.
(See ref. 1.)

In order to show an example of the magnitudes of error in V, 7,
and Vp selected by the random process, typical runs for the three
methods of scheduling corrective thrust were selected. These runs were
from cases where ay = 100,000 miles, rpo = 6,000 miles,

oy = 1r/10,000 ft/[sec, gy = 0.0125r /10,000 degree, and Oyp = 1.5 per-

cent. Table I lists the errors and other information at each correction
point for the radial distance method, time method schedule B, and angular
method (A8 = 30°). The perigee altitude hy listed in the table is the
perigee altitude that the vehicle would obtaln if no other corrections
were made. It should be noted that the velocity at perigee for all three
methods of scheduling corrective thrust would be approximately the same.

— 1 —
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Effect of Semimajor Axis

Cases were analyzed for three values of &, in order to determine
the effect of the semimajor axis on the distribution of perigee altitude.
The values of a, used were 100,000 miles, 150,000 miles, and
200,000 miles. These values of a, were used in the three sets of
initial conditions for the three methods of scheduling corrective thrust.
For the initial trajectories where Tpo = R + 250,000 feet and where
a, = 100,000 miles, 150,000 miles, and 200,000 miles, the velocities at
r = 100,000 miles are 5,160 ft/sec, 5,828 ft/sec, and 6,410 ft/sec,
respectively, for the three trajectories. As 8, 1increases, the

velocity approaches escape velocity, 7,205 ft/sec at r = 100,000 miles.
The results of cases where the errors in V, 7, and Vp were repre-

sented by oy = 1r/10,000 ft/sec, o, = 0.0125r/10,000 degree, and
OVT = 1.3 percent are shown in figure 4. The results of cases where

the errors are represented by oy =1 ft/sec, 07 = 0.01250, and

UVT = 1.5 percent are shown in figure 5. These results show that

changing a had a negligible effect on the perigee altitude. Although
o]

not shown, the total corrective velocity requirements were approximately
the same for the three values of a, studied. Thus the remainder of

this study was made with ay = 100,000 miles.

Figures 4 and 5 also show that, for a given method of scheduling
corrective thrust, the same perigee altitude band is indicated for
cases using the three sets of initial conditions. This was found to
be true for all combinations of errors studied; therefore, the perigee
altitude probability curves for cases where the initial conditions
were such that Tp, = 6,000 and 8,000 miles will not be included in

the remainder of the report.

Effects of an Error in Measuring Velocity

Errors assumed to be dependent upon range.- A series of cases where
the error in V was varied were analyzed in order to determine the
effect on the perigee altitude and the total corrective thrust. This
series included cases where the errors in 7y and Vp were first assumed
to be zero and then o, = 0.0125r/10,000 degree and oyp = 1.3 percent

while the error in V varied. Figures 6 and 7 show the results of cases
where no errors in y and Vp were assumed and the errors in V were
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oy = 1r/10,000 ft/sec, 2r/10,000 ft/sec, and 3r/10,000 ft/sec. The

results of cases where the radial distance method and the time method
schedule B were used show increases of about 8,000 and 3,000 feet,
respectively, in the width of the perigee altitude band for an increase
of 1 ft/sec in oy. When the angular method was used, the effect upon

rp of increasing oy was too small to be detected in figure 6.

Figure 7 shows that for all three methods of scheduling corrective
thrust approximately 40 feet per second of total corrective velocity may
be required for each increase of 1 foot per second in oy. This incre-

ment was taken at 100-percent probability.

The results of cases where the errors in ¥y and VT were
Oy = 0.0l25r/10,000 degree and UVT = 1.% percent and the errors in
V were oy = lr[10,000 ft[sec, 2r/l0,000 £t [sec, Br/l0,000 ft[sec,

and 10r[10,000 ft[sec are given in figures 8 and 9. Figure 8 indicates
that, in the presence of errors in 7y and Vg, an error in V <that is

dependent upon range has a negligible effect on the perigee altitude.
Figure 9 shows that in the presence of errors in y and Vg an error

in V of oy = 3r/[10,000 ft/sec or less has little effect on the
economy of the mission but that an error of oy = 10r/10,000 ft/sec
has a serious effect on. the economy.

Errors assumed invariant with range.- The results of cases where
no errors in 7y and Vp were assumed and the errors in V were

oy = 1 ft/sec, 2 ft/sec, and 3 ft/sec are shown in figures 10 and 11.
For an increase of 1 foot per second in oy, the width of the perigee

altitude band increased about 8,000 and 3,000 feet when the radial dis-
tance method and the time method schedule B, respectively, were used.
These results (fig. 11) indicate that a total Vp of less than

10 ft/sec will be required for each error of 1 ft/sec in oy (not
dependent upon range).

Figures.le and 13 give the results of cases where the errors in ¥
and Vg were Oo = 0.0125° and UVT = 1.3 percent and the errors in V
were oy = 1 ft/sec, 2 ft/sec, 3 ft/sec, and 10 ft/sec. In the presence
of errors in y and Vp, an error in V of oy =3 ft/sec or less had

a very small effect on both the perigee altitude and the total corrective
velocity. However, figure 13 shows that, when the error in V is
increased from oy = 3 ft/sec to oy = 10 ft/sec, the total Vp require-

ments show increases on the order of 40 feet per second.

Y €95 =1
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Effects of an Error in Measuring ¥y

Errors assumed to be dependent upon range.- A series of cases where
the error in 7 was varied were analyzed in order to determine the
effects on the perigee altitude and total corrective velocity. Fig-
ures 14 and 15 give the results of cases where no errors in V and Vp

were assumed and the errors in ¢y were Oy = 0.00625r/lo,000 degree,

0.0l25r/10,000 degree, 0.0250r/10,000 degree, and 0.0575r/l0,000 degree.
For each increase in o, (dependent upon range) of 0.0125°, the width

of the perigee altitude band increased about 60,000 feet when the radial
distance method was used, 35,000 feet when the time method schedule B

was used, and 2,500 feet when the angular method was used. The total Vr
requirements of all three methods of scheduling corrective thrust
increased about 200 feet per second each time Oy (dependent upon range)

increased 0.0125°.

Figures 16 and 17 give the results of cases where the errors in V
and Vg were oy = 1r/10,000 ft/sec and Oyp = 1.3 percent and the

errors in y were o, = 0.00625r/10,000 degree, 0.0125r/10,000 degree,

0.0250r/10,000 degree, and 0.0375r/10,000 degree. A comparison of fig-
ures 14 and 15 with figures 16 and 17 indicates that, when an error in 7y
of o0, = 0.00625r/10,000 degree is present, the effect on rp eand total
Vp of adding errors in V and Vp of oy = 1r/10,000 ft/sec and

OVT = 1.3 percent 1is negligible.

Errors assumed invariant with range.- The results of cases where no
errors were assumed in V and Vg and errors in 7y were Oy = 0.006259,

0.0125°, 0.0250°, and 0.0375° are shown in figures 18 and 19. For each
increase in Oy (not dependent upon range) of 0.0125° the perigee alti-
tude band increased in width about 60,000 feet when the radial distance
method was used, about 45,000 feet when the time method schedule B was
used, and about 6,000 feet when the angular method was used. The total
Vp  that may be required to accomplish the mission increased about

50 ft/sec when either the radial distance method or the time method
schedule B was used and about 120 ft/sec when the angular method was

used each time Ty (not dependent upon range) increased 0.0125°.

Figures 20 and 21 give the results of cases where errors in V and
Vg were oy =1 ft/sec and UVT = 1.3 percent and the errors in vy

were 0, = 0.00625°, 0.0125°, 0.0250°, and 0.0375°. These results show
the same distribution of rp and total Vg as that shown in figures 18
and 19.
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Effects of an Error in the Magnitude of VT

A series of cases where the error in Vg was varied were analyzed
in order to determine the effects of an error in the magnitude of V.

The assumed errors for VT were OVT = 1.3, 2.6, 3.9, and 10.4 percent.

Figures 22 and 23 give the results of cases where the errors in V and
7 were oy = 1r/10,000 ft/sec and o0y = 0.0125r/10,000 degree while
the error in Vp varied. Figures 24 and 25 give the results of cases
where the errors in V and 7 were oy =1 ft/sec and g, = 0.0125°
while the error in Vp varied. These results indicate that an error in
the magnitude of Vp has a very small effect on the perigee altitude.

(See figs. 22 and 24.) The total corrective velocity distributions
(figs. 2% and 25) show that a 10.4-percent error in Vo has a very small

effect on the eccnomy of the mission when either the radial distance
method or the time method schedule B is used. However, when the angular
method is used for cases where the initial conditions were such that

rp, = 6,000 and 8,000 miles, large increases in the total Vg are

observed when the error in VT increased from 3.9 percent to 10.4 percent.

Overall Comparison of Three Methods

Perigee altitude control.- The perigee altitude probability curves
in figure 4, results of cases where the errors were represented by
oy = 1r/10,000 ft/sec, oy = 0.0125r/10,000 degree, and OVp = 1.3 per-

cent, are used to compare the perigee altitude control of the three
methods of scheduling corrective thrust. The radial distance method
(fig. 4(a)) gave a poor perigee altitude control that has about 95-percent
probability of obtaining a perigee altitude within +25,000 feet of the
desired perigee altitude. The time method schedule B (fig. 4(c)) gave a
poor but acceptable perigee altitude control. The angular method using
M = 300 or 45° (figs. 4(d) and L(e)) gave excellent perigee altitude
control. This comparison shows that the angular method, from a perigee-
altitude control viewpoint, is superior to the other method studied. The
superior perigee-altitude control of the angular method may be seen by
comparing the perigee-altitude probability curves in other figures.

A comparison of results for the three methods of scheduling correc-
tive thrust indicated that the angular method gave the best perigee-
altitude control because the radial distance to the final correction point
for this method was less than that for the other methods studied.

In order to investigate this point, additional cases for the three
methods of scheduling corrective thrust were analyzed where the radial

nNO-3
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distance to the final correction point before perigee was approximately
the same for all three methods. For convenience, the radial distance to
the last correction point for the time method schedule B (r =~ 6,725 miles)
was selected for these cases. For the radial distance method, r, was

changed to 96,725 miles so that the radial distance at the final correc-
tion point would be 6,725 miles when Ar = 10,000 miles. For the angular
method (where A8 = 30°), 6, was changed to 170° and the final correc-

tion before perigee was made at 6 = 80° (where r = 6,730 miles). The
results of these cases (fig. 26) show approximately the same perigee-
altitude band for the three methods of scheduling corrective thrust. It
is therefore concluded that the predominant reason for the superior
perigee-altitude control of the angular method is that the radial distance
to the last correction point for this method is less than that for the
other two methods studied. In general, it may be stated that the perigee
altitude is primarily determined by the radial distance and instrumenta-
tion inaccuracies at the final correction point. The ordered sequence of
corrections prior to the final correction is secondary in accuracy but
directly affects the total corrective velocity required. Corrections
based on angular increments where the number of corrections increase with
proximity to the earth appears to be a desirable scheme during the termi-
nal phase.

Corrective velocity requirements.- A comparison of the probability
curves of the total corrective veloclty for the condition where
rp = R + 250,000 feet and for given accuracies indicate that all three
o
methods of scheduling corrective thrust have approximately the same
corrective thrust requirements. By comparing the corrective velocity
probability curves for the 1nitial conditions where rPo = 6,000 miles

and 8,000 miles at given accuracies, it is seen that each drpo of

1,000 miles require a Vp of about 150 feet per second when either the

radial distance method or the time method schedule B is used and about
225 feet per second when the angular method (A9 = 30°) is used.

A larger Vg 1s required to correct an initial error in Tp when

the angular method is used because of the small-angle approximation

used in calculating Vmp. Because of the relatively large changes in V
and ¥ required to correct an error of 1,000 miles (or larger) in rpo,
the relations for dy and avV (egs. (8) and (9)) introduce errors in
calculating Vg that cause the value of Vg calculated to be smaller

than the value of Vg needed to correct the error in rpo. Thus the

first thrust impulse does not entirely correct the initial error in rpo
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and a second impulse is required before the space vehicle 1s approximately
on the desired flight path. When either the radial distance method or the
time method schedule B is used, the second correction point is relatively
close to the initial point and the value of Vp required to make the

second correction in rp is small compared with the first correction.

However, when the angular method is used, the second correction point is
at a great distance from the initial point and the value of Vp required

to make the second correction in ry is large. This effect of the loca-

tion of the second correction point on Vp can be seen by comparing the
values of r, hp, and Vp from runs for the three methods of scheduling
corrective thrust given in table I.

The difference between the total corrective velocity requirements
for the angular method and the other two methods is about the same as the
difference between the corrective velocity used to make the second cor-
rection for the respective methods. Thus, when there is an error in
Ip, of 1,000 miles or more, a modification of the angular method such

that an additional correction is applied close to the initial point
would lower the total corrective velocity requirements for this method.

A comparison of results of cases where the errors in V and vy
that are dependent upon range and the errors in V and 7y that are
not dependent upon range indicate that the corrective thrust require-~
ments are lower for the cases where the errors are not dependent upon
range.

CONCLUSIONS

Results of a study of the guidance of a space vehicle returning to a
braking ellipse about the earth where three methods of scheduling cor-
rective thrust were compared in terms of errors in perigee altitude and
total corrective velocity required led to the following conclusions:

1. The effect on perigee altitude and total corrective velocity of
an error in the flight-path angle is predominant over the effect of

errors in the magnitude of both the space vehicle's velocity and the
corrective velocity.

2. Although the trajectory is changed at each correction point
along the flight path, the radial distance and the instrumentation
inaccuracies at the final correction point before reaching perigee
determined the first-pass perigee altitude. Therefore, it is desirable
to make the final correction relatively close to perigee.

L I I )
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3. The effect on perigee altitude and total corrective thrust of
varying the semimajor axis of the initial trajectory from 100,000 to
200,000 miles was negligible.

L. The accuracy with which the desired perigee altitude can be
obtained is not dependent on the value of the original (that is, if no
corrections are made to the original trajectory) perigee altitude.

5. The angular method of scheduling corrective thrust (applying a
correction each time the angle between the radius to the space vehicle
and the perigee radius decreased 30°) provided excellent perigee-altitude
control for all errors studied.

6. When the difference between the desired first-pass perigee
altitude and the initial perigee altitude is 1,000 miles (or more), a
modification of the angular method such that an additional correction
is applied close to the initial point would lower the total corrective
velocity requirements for this method of scheduling corrective thrust.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Field, Va., September 16, 1959.
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APPENDIX

DEVIATIONS OF PERIGEE ALTITUDE CAUSED

BY CHANGES IN y and V

The equation for the perigee distance of an elliptical orbit in

terms of r, V, and 7y is

2
r2V2c0527(2 = - V2)

2 2
P
N (er?)

2

(A1)

P~ 2 5
2«1; -V

Since the present study is concerned with the change in rp caused by

changes in 'V and 9y at a given radial distance, the variable r in

equation (Al) is considered a known quantity.

The following expression may be obtained:

or )
dr. = —fP orP av
P Jy a7 + ov

The partial derivative of T'p with respect to
ferentiating equation (Al)

vy 1is

(a2)

obtained by dif-

2
bry2gt oryh
~—————sin y cos ¥y - =——— sin ¥y cos 7y
2 2)2 2)2
dp __ eR (er (€8°)
7 2 2
g -V r2V2cos27(2gB_ - V2)
* 2 1 - L
2)2
(er
By multiplying the numerator by cos 7 and substituting 1 for
cos 7y

2y2 2
E;X;ng-z (eq. (3)), this expression becomes
&R

1

ot
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or 1840 7
b _ COS ¥

2
r2V2c:os27 (EgR? - Vg)

(&%)

1l -

It

2
r2V2c0527 <2ng'— - V2>

()"

e = l_

then

or

P 1

—L2 - .1 tan
dy e 7

The partial derivative of rP with respect to V 'is obtained by
differentiating equation (Al) as

2
arp ZgBIE - ve 2<Vr200527gRT - V5r2coszy>
vV T 7 g2
2 . 2
(Eg—; -V )2 r2V2c0327(285_ ) v2>
ng 1 - r
2
(er?)
5 5 r2V2c0527(2gr— - V2)
gR grR= [1 -
(er9)°
- (-2v)

2
V2r2cos27 (2gR? - V2)

(d)”

Substituting e and 1 - e =

, and simplifying yield
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orp  2gR2(1 - e)

J
v e(Eg%E - V2>2

2gR2(1 - e)

2 2
e(ZgR— - V2)
r

nOoO
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Initial conditions
such that rp =

R + 250,000 feet
8 .

000 miles
c1 — 8,000 miles

(a) Radial distance method where r, = 100,000 miles
and Ar = 10,000 miles.

(b) Time method schedule B where t, = 17 hr. At variable.

(¢) Angular method where 8, = 160° and A8 = 30°.

Figure 3.- Schematic diagrams of three trajectories defined by the
initial conditions where Tp, = R + 250,000 feet, 6,000 miles, and

8,000 miles showing (1) the initial points of this study and (2) the
correction points along the trajectory defined by the initial condi-

tions where rp = R + 250,000 feet for the three methods of

scheduling corrective thrust.
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ag = 100,000 miles.
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